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TOM TAT
Bai viét nay trinh bay mot phuong phép tinh dinh thic dugc cho boi cong thire truy
hoi, tir d6 dua ra cac vi du tir dé thi chinh thirc va dé dé nghi cua cac truong dai hoc, cao
dang trong cac ky thi Olympic Toan hoc hoc sinh, sinh vién toan quéc. Noi dung chinh
clia bai viét 1a tinh dinh thirc ¢6 cong thirc xac dinh dang ddy truy hoi tuyén tinh cap 2
trong trudong hop phuong trinh dac trung c6 hai nghiém thuc phan biét.

Tir khéa: Dinh thtc, ddy truy hoi, phuong phép sai phan.

ABSTRACT

This paper reports the recurrence method of calculating the determinants of square
matrices. We illustrate the proposed method using from official National Mathematical
Olympiad exam questions and reference exam questions from various universities and
colleges. The main purpose of this article is to address the determinants related to the

form of quadratic linear recurrence sequences which has two distinct real roots.

Keywords: Determinant, recurrence sequence, difference method.

1. PAT VAN PE

Pinh thtc 1a mdt trong nhung khai
niém co ban trong mon Pai s6 tuyén tinh.
Thong qua gid tri cua dinh thirc (1a mdt
dac trung cua ma tran), chung ta co thé
dua ra nhiéu két luan vé ma tran ban dau.
C6 nhiéu phuong phéap dé tinh dinh thirc,
chang han nhu phwong phap khai trién
theo dong (cot), phuwong phap dua vé dang
ma tran tam gidc, phuong phap rit ra céac
nhan tir tuyén tinh, phuong phap truy hoi,
phuong phap sir dung tinh da tuyén tinh, ...
(Xem [1, Phan I (10)]).
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Trong cac phuong phap tinh dinh thirc
thi phuong phép truy hoi bao gdom rat nhiéu
dang bién thé trén co so sai phan cua day
s6. Tir mot hé thirc gitta dinh thuc cép n
va cac dinh thirc cdp thip hon cing dang,
chung ta can xéac dinh cong thic tong quat
cua dinh thic d6. Hai truong hop thuong
gdp nhat 1a

D =al+bD ,vaD =aD ,+bD ,

Céac dang diy sb xac dinh boi cong
thirc truy hoi nay thudong xuyén xuit hién
trong cac dé thi chinh thirc va dé dé nghi
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ctia cc truong dai hoc, cao dang trong cac
ky thi Olympic Toan hoc sinh vién va hoc
sinh toan quéc (OLP) do Hoi Toan hoc Viét
Nam phéi hop véi Bo Gigo duc va Pao tao,
Trung wong Hoi sinh vién Viét Nam va
Lién hi¢p cac Hoi Khoa hoc va Ky thuat
Viét Nam t6 chirc thudng nién. Cac dap an
chi trinh bay cong thitc dé quy nap hodc
ching minh trong truong hop cu thé chir
khong trinh bay 1y thuyét tong quat (xem
[2]). Trong bai viét ndy, chung toi trinh
bay chi tiét phuong phap chéo héa ma tran
dé tinh s hang tong quét ciia diy truy hoi
tuyén tinh cép 2 dang D =aD, ,+bD,
trong truong hgp phuong trinh dic trung
X? - aX - b = 0 c6 hai nghi€ém thyc phan
biét va g dung vio giai cac bai tap cu thé
trong cac ky yéu cua ky thi OLP Pai s6 sinh
vién toan qubc. Tir d6, nguoi doc cb thé
giai cac bai tap cung dang, ciing nhu tong
quat trong cac truong hop phuong trinh déac
trung c6 nghiém kép hodc cé nghiém phirc
va sang tao cac bai toan tuong tu. Phuong
phap cua chung t61 khac véi phuong phap
da duogc trinh bay trong [3].

2. NOI DUNG
2.1. Cong thirc tong quat:

Cho diy sb thuc (un) duoc xac dinh
boi cong thuc u,,, =au,,, +bu, véi moi
n>1, trong 46 a, b 1a cac hing sd thuc.
Khi do ta co

Uyr a bilu,.,
L)
Tu d6 suy ra
u.,\ (a b\(u,) (a b\a b\l u,
[“nn j Z(l 0][ i, jz[l 0][1 Oj[un—lj
a b)(u, a bY(u,
:(1 Oj [uH]:“':[I 0] [”lj

Nhu vay chung ta can tinh 4" véi
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Gia st phuong trinh dic trung
(a_l b J:O<:>(a—ﬂ)(—/1)—b:0
1 -1
S A —al-b=0

co biétthirc A =4’ +4b>0.Khido, ta
duoc hai gia tri riéng phan biét cua 4 1a

3 ata® +4b

t1,2 - 2

- Vo t=——""
khong gian con riéng ung voi gia tri riéng
t1a v, =((,1).

- Voi t, =
khong gian con riéng ung véi gid tri riéng
t, 1a vy =((t,,1)).

Suy ra ma tran chéo hoa 4 1a

t] t2 \ r 5 \
P= {1 va dang chéo cua 4 1a

, ta duoc

a—~a’+4b
—— , ta duoc

D=pgp=|h OJ
0 t)
Khi d@o ta co
A"=(PDP"! )
= (PDP‘l )(PDP-1 ) .. (PDP‘I) =PD"P"

NOEA (A
o1t )lo 211

tanrl . t;ﬂ —t1n+ltz + tlt2n+l
tl _tz tl _tz
t'—t, —t't, +1t,
h_Q G_Q
Tiwr d6 suy ra
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n+l n+l n+l n+l
L -1t +1t,
L=t L1 [”2]
tl" —t;’ —tI" t,+ tlz‘;1 U,
t1 - tz tl _tz
ha
Y fn+1 U, _t1u1 fn+1 U, _tzul
R
Upir | L=t =14
U, " U, —hu, —" U, — L,
2°7 . 1
L, -1 L, -1
Vay
9 = tn+1 u, _t1u1 —tn+1 U, _tzul
2 2 1
L= L=
voi n>1 (%) .

Luwu y véi sinh vién: Cac tinh toan
trén co thé thuc hién bang phan mém may
tinh. Sinh vién cidn nim vimg phuong
phap, trong thuc hanh véi cac sb cu thé s&
don gian hon.

2.2. Cac vi du:

Trong phan nay ching toi néu ra cac
vi du tir dé thi chinh thtc cta cac ky thi
Olympic Toan hoc sinh vién va hoc sinh
toan qudc, sau d6 chung toi trinh bay cach
gidi ap dung theo cong thirc ma chung to1

320 0 0 0 O
1 3 2 0 0 0 O
x=3: I oo
" 0 0 0 1 320
0 0 0 01 3 2
0 0 O 0 0 1 3

Pinh thic thtr nhit bang X,
con dinh thae thr hai bang x, _,. Vay
xn = 3xn—1 _2xn—2 :
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thiét 1ap & trén. Trong céc ky thi, sinh vién
can trinh bay chi tiét.
Vidu 1 (Bai 1, Pé thi chinh thirc OLP
Dai so sinh vién toan quoc nam 2017).
Cho day sb (x,) duoc x4c dinh nhu
sau: x;=3,x,=7 va x,,n=3, la dinh
thirc cuia ma tran vudng cap n nhu sau

3200 0 0 0O
1 3 20 00 0O
01 3 2 0 0 0O
0 01 3 0 0 0 O
x, =t i i oo
0 0 0O 3200
0 0 0O 1 320
0 0 0O 01 3 2
0 0 0O 00 1 3
a. Tinh x;.

b. Chitng minh rang x, =3x,_, —2x,_,
voimoi n>3.

c. Chimg minh ring v6i moi
n>0,x +1 1a mdt so tu nhién va la luy
thira cua 2.

Giai

a. Béng khai trién Laplace, ta tinh dugc
x; =15, x, =31 va x;, =63.

b. Bang cach khai trién Laplace theo
hang dau tién ta thu dugc

12 00 0 0 0 O
03 2 0 0 0 0O
01 3 2 0 0 0O
o A
0 0 0 O 320
0 0 0 O 01 3 2
0 0 0 O 0 01 3

c. Ta c6 x, =3, x,=7. Phuong trinh
dac trung X* -3X +2=0 cua cong thirc
truy hoi c6 hai nghiém la 7, =1, t, =2.
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Ap dung cong thiic (*), ta duge
o X2 L M —LX

X =
n+2 2 l‘2—2‘1 1 tz—tl
=2n+1.7_1'3 _1n+l.7_2'3 =2n+3 _1’
2-1 2-1
voin>1.

Vi du 2 (Bai 2, Pé thi chinh thirc OLP
Dai so sinh vién toan quoc nam 2018). '

Nguoi ta khdo sat mot mo hinh di cu
dan s6 gitta hai ving d6 thi va nong thon
v6i quy luat nhu sau: Hang nam, c6 50%
dan sb ving nong thon chuyén vé ving do
thi va dong thoi c6 25% dan s6 ving do
thi chuyén vé ving nong thén sinh sdng.
Gia str X,y tuong Gng 1a s6 dan ving nong
thon va ving do6 thi ¢ thoi diém ban dau
(x, y> 0) .

a. Hoi sau k nam dén sé ciia ving néng
thon va vung do thi la bao nhiéu?

b. Gia str ban dau s6 ngudi sdng & nong
thon va d6 thi 1a bang nhau. C6 thé dén lac
nao d6 dan sd cua ving d6 thi vuot qua
80% tong dan sb cua ca hai vang khong?
Giai thich cau tra 1oi.

Giai

a. Goi x,,, twong tmg 14 s6 dan tai cac
vung nong thon va ving do thi sau & nam.

Theo gia thiét

Xy =X
Yo=Y
1
Xiew1 = Exk +Zyk M
1
Vi = ZJ’k +Exk (2)
Tur phuong trinh (1) ta c6

¥, =4x,,, —2x,. Thay vao phuong trinh (2),

L Nam 2018, lan dau tién Truong Pai hoc SPKT Vinh
Long tham dy OLP va dat HCB.
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ta dugc 4x, —5x, , +x, , =0 hay

5 1
X :Zxk—l_zxk—Z‘
1 1
Khido, véi x, =x, x, =—x+—
0 15 4y

va phuong trinh dac trung

X? —%X+%= 0 c6 2 nghiém phan biét

t, =1, thi theo cong thirc (*) ta duoc:

1
tl :Z’

:i(lﬁly}i(ly_li
34 4 345\47 2
LR N S

37 37 347 34
Vay

o= L 2 (12
3734 3 34k )

Laico y, =4x,,,—2x, nénsuy ra

S P
T\ 3734 37345 )

Keét luan dan s6 vung néng thon va do
thi sau £ nam la

wo=( L 2 (12
334 3 34t )

_(E_L ot E+Lj
O YT 3 345 )

b. Cau tra 10 1a khong. Néu y, =4x,
thi thay vao phuong trinh trén ta dugc

(2+Z—8jx+(2—4ikjy=0

Vi x, y >0nén diéu nay chi co thé xay
ra k=0 va y=4x, trdi voi gia thiét.

(Hoic: theo gia thiét x = y > 0nén suy
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ra (2+Z—8j+(2—%j:0<:>4"” =-5

vo nghiém).

2.3. Cac bai tap twong tuw

Trong phan nay chung t6i dua ra céac
bai tap tuong tu tr cac dé dé nghi cta céac
tac gia, cac truong dai hoc, cao dang, sau
d6 hudng dan gidi theo cong thirc ma ching
toi da néu o trén.

Bai 1. (Xem [2, vi du 10.6])

Tinh dinh thrc
1 1.0 0... 0 O
-1 110 .. 0 O
0 -1 11 .. 0 O
0 0 0 0 .. -1 1
Huéng dan gidi.
bat
1 1 0 0 0 O
-1 1 1 0 0 0
x,=0 -1 1 1 0 0
o 0 0 0 ... -1 1

Béng cach khai trién Laplace theo cot
dau tién, ta dugc x, =x,_, +x, _,.

Honntra x, =1L,x,=2.

Ap dung cong thirc (*) vé6i ¢,t, la
nghiém cua phuong trinh X* - X -1=0
ta duoc

_2 1+\/§n+1 l_\/§n+1
=2 ) T2 )

Luu y: Nguoi doc co thé tim hiéu vé
y nghia thuc tién cua day Fibonacci dé mé
rong bai toan.
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Bai 2 (PH An Giang-2016).

Tinh dinh thirc cap » ctia ma tran sau

3 4 0 .. 0 0
1 3 -4 .. 0 0
D O 1 3 0 0
0o 0 0 .. 3 -4
o 0o 0o .. 1 3
Huéng dan gidi.
bat x, =detD.

Bang cach khai trién Laplace theo hang
dau tién, ta duwoc x, =3x,_, +4x, ,.

Honnita x, =3,x, =13.

Ap dung cong thirc (*) véi #,t, la
nghiém cta phuong trinh X*>-3X-4=0
ta duogc
4n+1 +(_1)n
—

Bai 3. (PH Khoa hoc Hué-2015).

detD=x, =

Cho 4= (a,.j) 1a ma trin vudng cap n
xac dinh boi
5 néu i=j
néu i=j+1

2
%73 neu i=j-1
0

néu ig{j.j+1j-1}

a. Tim dinh thrc ciia ma trin A.

b. Giai h¢ phuong trinh

X, 8
X, 10
y X 10
X, 10
X, 7
Huéng dan gidi.
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a.Tacod.
i 0 0 0]
0 0
e 3 0 0
0 0 0 0 ..
0000 .. 2 5]

Pit D,=detA. Bang cach khai
trién Laplace theo c{t dau tién, ta duogc
D =5D ,-6D, ,.

Honntta D, =5,D, =19.

Ap dung cong thirc (*) véi #,t, la
nghiém cta phuong trinh X* -5X +6=0
ta duoc

det4=D, =3""-2"".

b. Vi D, =det 4 # 0 nén hé c6 nghiém
duy nhit. D& thdy x=(LL..;1) la mot
nghiém cia phuong trinh nén day 1a nghiém
duy nhat can tim.

Bai 4. (PH Pham Vin Pong-2017).

Tinh dinh thirc

a+b ab 0o .. 0
1 a+b ab 0

0 v 0 1

0 e 0 1  a+b
Huéng dan gidi.
bat.
a+b ab 0 .. 0 0
1 a+b ab 0 .. 0
X, =
0O 1 a+b ab
0 1 a+b

Bing cach khai trién Laplace theo hang
dau tién, ta dugc x, =(a+b)x, , —abx, ,.
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Honnita x, =a+b,x,=a’ +b’ +ab .

Apdungcongthiic(*)véi ¢,,¢, langhiém
ctia phuong trinh X’ —(a +b)X +ab=0
ta duoc

n+l g n+l
, n=>3.
a—>b
Bai 5. (PH Nha Trang-2019).

a
X =

n

Cho diy sd (x,) ", dugc xac dinh véi:
x, =5,x,=19 va x,(n>3) la dinh thic
cap n cho bdi

53 0 0... 0 0 O
25 3 0 .. 00 O
o 2 5 3 .. 0 0 O
X, =
o 0 0 o0 .. 5 3
o 0 0 o0 .. 2 5 3
o 0 0 0 .. O
a. Tinh x,.

b. Ching minh x, =5x, ,—6x,, voéi
moi n2>3.

c. Chimg minh x, —1 chia hét cho 4
voin €.

Huéng dan gidi.
a. Tacod
53000
253 00
x,=0 2 5 3 0]=665
0 0 2 53
0 0 0 2 5

b. Bang cach khai trién Laplace
theo hang dau tién ta thu dugc
x,=5x,,—6x, ,, n=3.

c.Taco x, =35, x,=19.

Ap dung cong thirc (*) véi ¢,t, la
nghiém cta phuong trinh X*>-5X+6=0
ta duoc
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xn =3n+1 _2n+1 , V(,)'l n 2 1
Véi n 1& suy ra n+1 chén, nén

x, —1=(4-1)" —2% -1

=—C)4+C 4 —C) & +..+47 4.
3. KET LUAN VA MO RONG

Bai toan tim sd hang tong quat ctia mot
day s6 c6 rat nhiéu dang va nhiéu phuong
phap gii, chang han, ngoai cach st dung
phuong phép truy hdi nhu huéng dan trong
ky yéu hay phuong phap da néu trong bai,
ta co thé st dung phuong phép tinh liy
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thira ciia ma tran (Xem [3])... Trong nhiéu
gido trinh Toan cao cdp (Pai s6 tuyén tinh)
khong gigi thi¢u cac phuong phép nay
va pham vi bai viét nay nham g101 thi¢u
phuong phap chéo hoa ma tran dé tinh dinh
thirc dugc cho boi cong thirc truy hdi trong
truong hop phuong trinh dac trung c6 hai
nghiém thuc phan biét. Tir do, nguodi doc
c6 thé nhanh chong giai dwoc nhitng bai tap
tuong ty. Poi voi cac truong hop phuong
trinh dac trung bac cao va cé nghi¢m phtec,
nghlem bdi thi viée tinh toan cling phtc tap
hon, van dé nay chung t6i xin dé cap trong
nhiing bai viét khac.
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