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TOM TAT
Bai viét nay tiép ndi chu dé thiét 1ap ma tran cé gia tri rieng nguyén. Chung t6i trinh
bay phuong phép thiét lap ma tran v6i hé sd nguyén c6 thé chéo hoa truc glao duogc va

dang chéo cling c6 hé s6 nguyén. Noi cach khac chung t6i néu thuat toan dé tlm ma tran
d6i xtmg (chéo hoa truc giao dugc) voi hé sé nguyén co cac gia tri riéng ciing 1a s6 nguyén.

Tir khéa: dai s6 tuyén tinh, gia tri riéng nguyén, chéo hoa ma tran, chéo hoa tryc giao.

ABSTRACT

This paper continues the topic of matrix with integer eigenvalues. We present a
process to find matrices in which integer coefficients are orthogonally diagonalizable
and the recevied diagonal matrix also has integer coefficients. In other words, we give a
process to find symmetric matrices (orthogonal diagonalization) with integer coefficients
whose eigenvalues are also integers.

Keywords: linear algebra, integer eigenvalues, matrix diagonalization, orthogonal
diagonalization

1. DAT VAN DPE nganh khoa hoc ty nhién va khoa hoc ky
thuat. Mon hoc nay cling dugc dua vao ndi
dung thi Olympic toan hoc sinh vién toan

quoc dugc to chirc hang nam.

Dai sb tuyén tinh 14 mot trong nhiing
nhanh trung tam, gitp két noi hau hét cac
linh vyc ctia toan hoc va khoa hoc, ky

thuat. Bén canh do, dai s6 tuyén tinh duoc
mg dung rong rai trong thuc tién vi nd
cho phép mé hinh héa nhiéu van dé hay
gdp trong tu nhién, xa hoi va tinh todn véi
cac mo hinh d6. Chinh vi thé, mén hoc dai
s6 tuyén tinh dugc dua vao giang day & dai
hoc va 1a moén hoc bt budc cho cac khdi
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Trong ndi dung cua moén hoc dai )
tuyén tinh thi vin d& chéo héa ma tran 1a
dong vai trd quan trong. Néu mot ma tran
chéo hoa dugc thi ma tran d6 s& dong dang
vo1 mot ma tran dang duong chéo, cho nén
vi€c nghién ctru cac tinh chét ctia ma tran d6
s& dan dén bai toan don gian hon 1a nghién
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ctru céc tinh chat (dwoc bao toan qua quan
hé dong dang) cuia mot ma tran chéo.

Ma tran vudng A4 goi la chéo hoa truc
giao duwoc néu ton tai mot ma tran duong
chéo B va mot ma tran tryc giao P va
sao cho 4 = pBpP'. Ma tran vuong 4 chéo
hoéa tryc giao duoc khi va chi khi 4 1a ma
tran ddi xtng ( [3, Pinh 1y 5.4]. Quy trinh
chéo hoéa truc giao ma tran ddi xtng (xem
[3, tr. 148]:

Budc 1: Xac dinh céc gia tri riéng
Ms2yend, €R cia 4 va tim cac vecto
riéng twong ung i, u,,..., U

Budc 2: Truc giao hoa Gram-Schmidt
h¢ vecto riéng {u.1,...u,} d& duge hé
vecto truc chuan {w,w,,...,w, }

Két lugn: Ma trén P=([w] [w,]... [w,])
ma cac cdt 1a cac cot la cac vecto truc chuan
o0 Budc 2 va ma tran

3

D= thoa min PTAP=D.

Nhan xét:

Chtng ta da biét, néu 4 1a ma tran d6i
xtng v6i hé sé thuc thi tat ca cac gia tri
riéng cia 4 déu thuc. Nhu vay, khi giai
phuong trinh dic trung & Budc 1 ¢6 thé ra
nghi¢m vo ti hodc hiru ti. Trong trudng hop
gia tri riéng 13 s6 vo ti thi viéc tim vecto
riéng va qué trinh truyc giao hdéa Gram-
Schmidt & Budc 2 s€ cho ra cac vecto voi hé
s rat phirc tap. Trong qua trinh giang day,
néu gip trudng hop nay thi ngudi giang s&
rat mat thoi gian, sa da vao tinh toan thu
cong va lam giam han sy hung tha d6i voi
sinh vién. Nhu vy, van dé dat ra 1a 1am sao
ngudi giang vién co thé nhanh chéng cho
ra vi du voi dap sb dep dé c6 thé kiém soat
duogc gio giang, dong thoi thu hit duge su
chu y cua sinh vién vao ndi dung trong tam
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cua quy trinh chéo hda truc giao ma tran.
Trong bai viét na‘ly, chl'mg t61 cung cap mot
phuong phap dé ra dé bai cho dang nay véi
ma tran dbi xtimg co he s6 nguyén va cac
gia tri riéng cling 1a s6 nguyén (khi d6 d&
dang suy ra ma tran chéo hoéa truc giao).

2. NOI DUNG

Dé phu hop véi chuong trinh giang day
cho khdi nganh k¥ thuat ¢ bac dai hoc va
cao ddng, bai viét giéi han v6i ma tran cp
2, 3. Viéc mo rong cho cac ma tran cép cao
hon 14 ¢6 thé thuc hién dugc theo k¥ thuat
tuong tu.

2.1. Ma tran di xirng cip hai:

bat A= . Ta chon cac gia

¢
tri a,b,c sao cho da thic dic trung

a—A b
b c—A

=A% —(a+c)A +(ac-b*)

det(A—Al) = det[

c6 nghiém hiru ti.
Chéng han, chon @ —¢,2b,A lacacbd 3

s6 Pitago nguyén tb (ttc 1a doi mot nguyén
tb C}‘lng nhau). Khi d6 A=(a ~c)2 +4b*
la s chinh phuong 1¢ nén céac gia tri riéng
(a+c)+ {a—c)z +4b°

2 2

Vi du 1: Chon « =

ma tran do1 xing A=

la s6 nguyén.

3,b=2,c=6thi

chéo hoa
truc giao duogc vdi cac gia tri riéng la
A =24, =7.

Vi du 2: Chon a=22,%=6.c=7thi
ma trdn d6i ximg 4= 6

truc giao dugc véi cac gia tri riéng la

A ==2,4,=11.

chéo hoa
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Ghi chii 3: Chiing t6i trich dn vao day cac b 3 sb Pitago nguyén t6 (a,b,¢) voéi
a < b < ¢ <100d¢€ nguoi doc thuan tién tham khéo:

(3,4,5) (5,12,13) | (8,15, 17) | (7,24,25)
(20,21,29) | (12,35,37) | (9,40,41) | (28,45,53)
(11,60, 61) | (16,63,65) | (33,56,65) | (48,55,73)
(13, 84,85) | (36,77,85) | (39,80,89) | (65,72,97)

2.2. Ma tran di xirng cap ba:

Trude hét, chung t6i nhic lai mot két
qud hiru ich da dugc biét rong rai, viéc
chuing minh c6 thé xem la bai tdp phu hop
voi trinh dd cua sinh vién.

B6 dé 4: Ma tran

1+¢
t+1 =

o pligt
I+t  —t
t+t 1+t =t

T 1448

truc giao voimoi t e R
Tiép theo, ching t6i trinh bay dinh Iy
sau day lam cong cu cho phuong phap:
Dinh ly 5: Cho P, 1a ma tran truc giao
va ma tran duong chéo

A 0 - 0
0

D=, A? voi A #0.
0o 0 - A

Khi 46 B=p.p.P"' 1a ma tran ddi
xtng nhan 2, lam céc gia tri riéng, tic 1a
ma tran P chéo hoda truc giao ma tran B
. Hon nita, mB=P.(mD).P" véi moi
m # 0, tic 1a ma tran P chéo hoa truc giao
ma trdn mB va ma trdn mB nhan mA, lam
cac gia tri riéng.

Chirng minh.

Vi P la ma tran tryc giao va D 1a ma
tran duong chéo nén p-' = p'va D" = D.
Khi do

B =(PD.P") =(P') .D".P"
=(P"Y .D.P"=PDP" =B.

Nhu vidy B=P.D.P"' 12 ma tran dbi
xung.

Vi p'BP=Dnén ma trdin P chéo
hoéa tryc giao ma trdn B . Mat khac, B va
D dong dang nén B nhan A, lam céc gia
tri riéng. Hon nita, vi mB=P.(mD).P"'
vOol moi m#( nén ma tran P chéo hoa
tryc giao ma tran mB va ma tran mB nhan
mA, 1am cac gia tri riéng.

Nhan xét 6: Chon P, 1a mdt ma tran
sao cho pp’céd dang A/ va chon ma tran
duong chéo

L 0 0
D=0 A4 0 |v6iA, 4.4 =0.
0 0 2

Khi d6, ap dung Dinh 1y 5 thi ton tai s6
nguyén m (chiang han m = det P) sao cho
ma trin r:*z()'%!)}’"l ) d6i ximg va c6 cac gia
tri riéng 1a mA, nguyén.

Vi du 7. Tir B6 & 4, ta chon ¢ =2 thi
ta dugc ma tran

2 6 3
P=|3 -2 6
6 3 -2

sao cho pp’ co dang A/
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Chon

200
D=0 3 0

0 0 5

thi

B 6

1 7
Bt 5. 40 5
7 7 7
§ = Y
7 7

Khi d6 ma tran doi xung

23 6 0
A=7.PDP'=| 6 30 -6
0 -6 17

chéo hoa truc giao dugc véi cac gia tri
rieng 1a A =14,4, =21, 4, =35. Hon nira,
ma tran chéo hoa truc giao ma tran 4 1a

; i -2 6 3
Q=?P=? 3 —2 6
6 3 -2

Cudi cing, chung toi trinh bay két qua
sau day, dugc suy ra chung minh cuia [3,
Dinh 1y 1, Pinh Iy 2] :

Dinh ly 8: Cho c,e, f,4, théa man
c+e#0,A #0,c+e+ f =4A,. Khi do, ma
tran

¢ —ce
- —_— c
& c+e c+e
" 2
P ce 5 e .
c+e c+e
c e I

cd cdac gia tri riéng nguyén va nhan A,
lam gi tri riéng (kép).
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Chirng minh.
Xeét
_il__g .
c+eé cte
det(A-aD=det] —=£ -1
ct+e c+e
c e -1
¢ —ce
F g 2 g
A cte cte
C3aC+C2 —ce el
= S| 2% Yt @l
cte A cte A
c e A=A
(Vic+e+f=4)
C3 —ce
L = B
4 cte cte
_ 2
=4, -A)det| —= ]
cte cte
c e |
=(4—A).g(A).

Ta thiy g(A)=0 (vikhi d6 dinh thirc
c6 cot 1 va cot 2 ti 1¢), tir d6 g(4,) A—4,.
Nhu vay, A, langhi¢m kép cua det(A4—AT).

Vi du 9. Trong Dinh 1y 8, ta chon
¢=3,e=-2, =1 va A =2 thi ta dugc
ma trdn doi xung

-7 6 3
A= 6 =2 =2
3 =2 1

chéo hoa truc giao dugc vdi cac gia tri
riéng la A, =2 (kép), A, =—12.

Vi du 10. Trong Pinh 1y 8, ta chon
c=3,e=-2,f=2 va A =3 thi ta dugc
ma tran doi xung
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-6 6 3
A= 6 -1 -2
3 =2 2

chéo hoa tryc giao dugc véi cac gid tririéng la A, =3 (kép), A, =-11.
TAI LIEU THAM KHAO

[1] Frederick P. Greenleaf and Sophie Marques (2019), Linear algebra I, American
Mathematical Society.

[2] Frederick P. Greenleaf and Sophie Marques (2020), Linear algebra II, American
Mathematical Society.

[3] Pinh Ngoc Thanh, V& Phudc Hau (2019), “Gido trinh Todn cao cdp A3”, Nha xuat
ban GDVN.

[4] Hoi toan hoc Viét Nam (2009-2019), “Ky yéu Olympic todn hoc sinh vién toan quoc”,
Hoi toan hoc Viét Nam.

[5] Truong Thi Thity Van, Nguyén Thanh Toan, Tran Hoai Ngoc Nhan (2020), “Thiét lap
ma trdn nhdn cdc gid tri cho trudc lam gia tri rieng”’, Thong tin khoa hoc so 3/2020,
Truong Pai hoc Su pham K§ thuit Vinh Long.

Théng tin phan bi¢gn: ThS. Nguyén Thanh Ludn; TS. Nguyén Trung Kién

TAP CHi KHOA HOC | s 3cns




