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TOM TAT
Bai bdo xem xét hé dan hoi tham nhiét ¢é nhé trén mién bi chan Q C R", mé ta twong tdc
gitta bién dang u, dp sudt 16 rong p va nhiét dé 0. Voi hat nhan nho §(t) duong va don diéu giam,
chiing téi chitng minh ton tai duy nhdt nghiém yéu toan cuc bang phwong phdp Faedo-Galerkin va
bdt dang thirc ning lwong. Trong truong hop khéng c6 ngoai lic (f =Q =0), nang lwong E(t)
suy giam theo thoi gian va théa bt dang thir

t
E(t) <E(O)exp (— Cf E(T)d’t>,t >0
0
mé ta co ché general decay ciia hé.

T khoa: M6 hinh dan hoi-tham-nhiét cé nhé; nghiém yéu; bat dang thirc nang lwong; suy
giam nang luong, phuwong phap Faedo-Galerkin, hat nhan nho.

ABSTRACT
This paper investigates a poro-thermo-viscoelastic system defined on a bounded domain
Q cR", describing the interaction among the displacement field u, the pore pressure p, and the
temperature 0. Assuming that the memory kernel g(t) is positive and monotonically decreasing,
we establish the global existence and uniqueness of a weak solution utilizing the Faedo-Galerkin
approximation and energy inequality techniques. In the absence of external forces (f =Q =0),

the energy E(t) decreases over time and satisfies the inequality

t
E(t) <E(O)exp (—Cf E(T)dT),tZO
0

which characterizes the general decay of the system.

Keywords: Poro-thermo-viscoelastic system, memory kernel; weak solution, energy decay;
Faedo-Galerkin method.

1. Gi6i thiéu
Trén mién Q € R" ddng, bi chan, vdi t > 0, xét hé phuong trinh ghép co-tham-nhiét c6 nhé



t
puy — Au + fo g(t —s)(= A)u(s)ds + aVp + VO = f(x,t),

Sop; — kAp +aV -u, =0,
cO;—kAO + BV -u, = Q(x,t),
v6i diéu kién ban dau
. u(-,0) : Up, ut( 0) = Uq, p( 0) = Po, o(-,0) : 0o,
va diéu kién bién Dirichlet thuan nhat u = p = 6 =0 trén JQ. Cho mién khong gian Q ¢ R" 1a bi
chin va co bién tron Q. Hang s vt 1y: p,So.%,c.k > 0,a,peR. Nguén f,Qeleoc (O,OO;H_1 (Q)).
Dit liéu ban dau

#(1.1)

(119,141,p0,00) €EH(CY) x L2(Q) x L*(Q) x L*(QY)
Diéu kién (G) nhan nhé g:[0,00) — [0,00) thoa
i) ¢ kha vi, khong tang: ¢’ (t) <0,
11)1—f°°g(s)ds =g >0,
1) ¢ '(H <- og(t) voio > 0.
H¢ (1.1) md ta sy tuong tac gilta ba truong vat ly:
e u(xt) chuyen dong co hoc (dan hoi nh0’)
*  p(x,t) 4p suat thim trong mdi trudng xbp,
*  O(x,t) truong nhiét do.
Thanh phan thir nhét 1a phuong trinh hyperbolic c6 nhan nh¢, phan anh hiu tmg nh¢ dan hoi qua
tich phan chitra g(f — s); phuong trinh c¢6 dang tong quat
t

- Au +J‘ gt =s)(= A)u(s)ds = f(x,t)
0
Hai phuong trinh con lai 1a phuong trinh parabolic, c¢6 dang tong quat
- Av =g(x, t)
mo ta khuéch tan ap suét (theo dinh luat Darcy) va truyén nhiét (theo dinh luat Fourier), dong thoi
ghép véi bién dang co hoc thong qua cac hé s6 a va B.
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Hinh 1: M6 hinh da vt Iy: séng 4m trong mo mém.
M0 hinh nay cé nhiéu ung dung trong dia co hoc, vt li¢u Xép chiu nhiét, va mo6 phdng cac
moi truong da vat Iy nhu dat, bé tong hodc mo sinh hoc [3]. Vé mit toan hoc, ddy 1a sy két hop cua
cac mo hinh poroelasticity, thermoelasticity va viscoelasticity with memory, tao thanh mdt h¢ dong



Iuc ¢6 nhd ba thanh phﬁn, c6 thé duoc dung lam co sé cho viéc nghién ciru tdn tai, dn dinh va suy
giam nang lugng cuia nghiém [1, 5, 6].

Trong vai thap nién gan day, cac mo hinh vt liéu c6 tinh dan hdi-nhé (viscoelastic) va tham
(poroelastic) da thu hut sy quan tam rong rai trong co hoc va toan hoc trng dung, do kha nang mo
ta chinh xac g xur dong luc hoc ctiia cac moi truong phuc tap nhu vat li€u composite, sinh hoc,
hodc dat bio hoa chit 1ong [2, 4]. Khi xét thém hiéu ing nhiét, ta thu dugc mé hinh dan hoi-tham-
nhiét c6 nhd (poro-thermo-viscoelastic model), trong d6 ba trudng vat 1y - bién dang co hoc, ap
suat 16 réng va nhiét do - tuong tac chat ché thong qua cac tham s6 ghép co-thAm-nhiét [3, 5].

Tir goe dd toan hoc, bai toan nay dan dén mot hé phuong trinh dao ham riéng phi tuyén, c6
nhan nh¢, véi cdu tric dang tich phan trong thoi gian. Viéc phan tich tinh ding din (well-
posedness) va 6n dinh cta hé 1a vin dé co ban nhung khong don gian, do tic dong két hop cua cac
co ché nhé va khuéch tan. Nhiéu cong trinh trude day chi xét riéng hé dan hdi c6 nhd hodc hé
poroelastic ¢d dién khong co hiéu ing nhiét [6]

t

- Au +J gt =s)(= A)u(s)ds =0
0
va trong [7, 8]

t
—Au+ fo g(t=9)Au(s)ds + g1 (up,u,0) = f1(u,0),

t
vy —Av+ J. . g(t = s)Av(s)ds + g, (v, u,v) = fo(u,v),

trong khi mé hinh ghép co-nhiét-tham c6 nhé van con it duge khai thac trong cac nghién ciru gan
day.

Trong bai bao nay, ching t6i xem xét h¢ poro-thermo-viscoelastic c6 nhan nhé g(t) duong,
don diéu giam, trén mién bi chin Q c R". Bing phuong phap xap xi FaedoGalerkin va bt dang
thirc ning luong, chung t6i chirng minh sy ton tai duy nhat nghiém yéu toan cuc. Tiép d6, khi khong
c6 ngoai luc, ndng lugng cua nghiém dugc chung minh 1a gidm theo thoi gian, va ching t61 xéac
dinh duoc toc do suy giam ning lugng dudi hai dang: suy giam mil va suy giam da thirc, phu thudc
vao hanh vi cta hat nhan nhé g(f).

Két qua nay mé rong nhidu cong trinh trudc day vé hé viscoelastic hodc thermoelastic co
nhé sang truong hop hé ghép ba truong vat 1y (co-thAm-nhiét), qua dé cung cip mot khuon khod
phan tich téng quat cho viéc nghién ctru 6n dinh va diéu khién cia cac vat liéu phirc hop co tinh
nhd.

2. Cac két qua chinh

2.1. Tén tai duy nhat nghiém (Well-posedness)

Pinh 1y 2.1. Dudi cac gia thiét trén, phuong trinh 1.1 t6n tai duy nhat nghiém yéu
ueH! (o 00;Hy(Q)) €L} (o,oo,LZ(Q))

loc loc

p,0eL? (0,00 Hl(Q)) NH]. . (0,00H™(Q))

loc loc

Ning luong tong t
20 =%(p o] + bVl + ol + oI + [ &t =S)IVu() - Vu(s)llzds)
Bit dang thirc ning luong t
2Bt < wIvpi2 - kivel -1 | (=& =) V() - Vu(s)Pds



+(fuy) +<(Q,0) 2.1)
Chitng minh.
Budc 1. Xay dung day xap xi Faedo-Galerkin. Chon {qb]} . 1a h¢ tryc giao cuia cac ham
>

riéng cua toan tir Dirichlet — A trén Hcl)(Q). bat V,, = span{¢y,...,¢,,} va tim nghiém Xap xi
m m m

u" :Z a’' (O, p™ =Z b (t)pj, O™ =Z i (O

j=1 j=1 j=1
sao cho v61 moi v,q,r€V,,, ta co

(pu’ﬁ’,v) +(Vu™ Vo) +f g(t=s)(Vu™(s),Vo)ds + a(Vp™ v} + B(VO™ v) = (f,v)
0

(sopiq) + (V" Vq) —a(V -ul'g) =

(cOr) +k(VO™ Vry = B(V - uf',r) =(Q,r)
Véi diéu kién ban dau (1" (0),u}"(0),p™(0),6™(0)) la cac xap xi cua (ug,uy,pg,00) trong V,,. Hé
nay la mot h¢ ODE tron hitu han chiéu nén ¢6 nghi¢m cuc bo.

Bude 2. Uéc lwong ning lwgng cho hé xép xi. Liy tich v hudéng L? 1an luot cia ba
phuong trinh véi uy’,p",0™ r0i cong lai, ta thu duoc

t
2 1 2 1 2 1 2
dtlzpnut I+ Juo v+ 2o "+ e 0" + 3] ste-9 [um - v as

=~ |[Vp"| -k||vem”2--j —g/(t-9) Va0 - Vur @) 2ds + (ful) +(Q.0m)
Vig ’(t) < 0 nén hang tir thir ba bén phai khong dwong, do d6
d
—tEm(t) <(ful"y+(Q,0™

v61 nang luong
E - (pllut 1%+ o 190112 + 50 [[p™) > + c 0™ + [ g(t—s)).
’ o |Vu™(t) — Vu™(s)||*ds
Ap dung bat dang thirc Cauchy- Schwarz va Young
e <5 el + A2 0 KQE™| <5 16712+ -1QI2

;t m(t)<C( m(t)+||f||12_1_1+||Q||iI_l)

Nho bat dang thire Gronwall, ta c6 ude lugng dong nhét theo i :
sup E,,(t) <Cr
te[0,T] .
Budée 3. Qua gidi han m — co. Tur ude lugng trén, ta cd cac chan deéu

u™ ~u yéu* trong L% (O THl(Q))
uf' —u, yéu trong L™ (O,T;LZ(Q)) ,
p",0™ — p,0 yéutrong L2 (O,T;L2 (Q)) .
Nho bd dé Aubin-Lions, c¢6 thé trich mot ddy con hdi tu manh trong L? (O,T,‘L2 (Q)) Khi do, ta co
thé chuyén gidi han trong tit ca cac hang tir tuyén tinh va ca phan nhé f 6 Q(t —s)Au"(s)ds (trong

v
suy ra



khong gian L2 (0,T;H(Q)) ). Gi6i han (1,p,6 ) nhan duoc thoa h¢ yéu va diéu kién ban dau-bién
theo nghia yéu. ) ) . )
Buéc 4. Duy nhét nghiém yéu. Gia st ton tai hai nghiém yéu ( uq,p,,01 ) va (uy,p,,0,)
v6i cung dir ligu. Dat 5
_ ﬁ:ul_”zrﬁzpl_l{w@:@l—?z-‘
Khi dé (i1,p,0 ) thoa h¢ tuong tu vdi f = Q =0 va dieu ki¢n ban dau bang 0 . Tinh toan nang luong
nhu trén cho hé sai biét, ta dugc
%E(t) <0,E(0)=0
nén E(t) = 0,¥t > 0, do d6 nghiém yéu 1a duy nhét.
Buéc 5. Bat dang thirc ning lwong. TUr cong thirc nang luong trén, v4i nghiém yéu
(u™p™,0™) ta co
d 2 1
SEn(®) == |[Vp"|| "=k IVO™|? =3 [ § (=" (t=9)) VU™ (t) = Vi (s)|| *ds +( fuf") +

(Q,0™),
suy ra
d 1(f
2Bt < vl - kivel -3 (=87 =) Vi) - Vus)ds
7 +(fu) +(Q.0).
2.2. Nang lugng suy giam tong quat (General decay)
bat

t
J(t): = f 0 g(t = s)|[Vu(t) — Vu(s)||ds

Nhic lai gia thiét (G) : ton tai ham khong tang &:[0,00) — (0,00) sao cho g/ () <— &(t)g(t), véi t >
0. Pt u(v): == g (v) 2 0 van(t): = [ g(s)ds.
Bo dé 2.2 (So sanh p va g ). Vi moi ham do duge (+, -) > 0 ta co

t t

j u(t = s)@(t,s)ds > &(t) j g(t — s)D(t,s)ds#(2.2)
0 0

Chirng minh. Tu (G) suy ra voi moi T > 0:u(t) =— g’(’[) > &(1)g(7). Do & khong tang nén &(F) <
E(t —s) voi s€[0,t]. Vi thé
, Wt —s5) = C(t—8)g(t—5) = E(H)g(t~9)
Nhan hai vé vai O(t,s) > 0 roi tich phan theo s€(0,t) thu dugc (2.2).
Hé qua 2.3. Ap dung (2.2) cho @(t,s) = |[Vu(t) — Vu(s)||? ta duoc

t
f . u(t = 9)IVu(t) = Vu(s)|*ds = EB)](1)#(2.3)

B6 dé 2.4 (Twong dwong chuén cé nhé). Ton tai hiang sé C, > 0 (chi phu thudc p,so,c) sao cho

voimoit >0
C.(lll + 1Vl + [+ 1612 + J(8)) < 2E(e)#(2.4)
Chitng minh. Bét dang thirc hién nhién vi moi hang trong 2E(#) 1a khong am, do d6
2E(t) > min{p,1,50,c,1} (||ut|| 2 Va2 + lIpl + 1612 + ](t)),
nén C, =min{p,u,5,c,1}.




Pinh 1y 2.5. Tir cac gia thuyét (G), cac diéu kién dau va diéu kién bién, trong trudng hop khong co6
ngoai luc f = Q =0, nghiém yéu (u,p,0) cua h¢ (1.1) thoa udc lugng suy giam nang lugng tong
quat

t
E(t) <E(O)exp (— Cf cf(T)d’c), t > 0#(2.5)
0

trong d6 C >0 la héng sb chi phu thude vao cac tham $6 vatly p,sg,c .k va mién Q.

e Néué&@) = 0> 0 thi E(t) < E(0)e~7%;

o Néu&(t) ~75v6ir>1thi E(t) <C(1+1t)™"
Churng minh. Tu (2.1), két hop (2.3) thu duoc

1
E'(t) <= «lIVpl* = KIVOI® - S E(B)](t) #(2.6)
Dit
o A(D): = [lpOII> + 16112, B(t): = J(¢).
Nho bt ding thiic Poincaré c6 [|[Vp||* = Ap|lpl%,IIVOII? = Ap||0]|%, nén
E’(t) <—c A(t) — co&(H)B(t), c1: = Apmin{,k}, cp: = %.#(2.7)

Suy ra
E’(t) <—min{cy,c,E(H} (A(t) + B(t))#(2.8)
T B6 d¢ 2.4 suy ra véi m: = mm{g S?O % % >0,

E(t) >m(A(t) + B(t)) = A(t) + B(t) < %E(t).#(2.9)
Mat khac, vi &£ khong tang nén &(¢) < £(0) va
min{c;,c,&(t)} > &(f)min {%,cz} #(2.10)
Thé (2.9)-(2.10) vao (2.8) cho ta
E'(t) <- é(t)mm[ (0) } E(t)
bat

C:. = lmm{ cz] > 0#(2.11)

&(0)’

E’(t) <— CE(H)E(H)#(2.12)
Tir (2.12) va bat dang thie Gronwall, ta co

t
E(t) <E(O)exp (— Cf 5(T)dr),t > 0#(2.13)
0

thu dugc bat ding thire

Céc truong hop riéng: )
¢ Suy giam mii: néu g’(t) <-0g(t) voio >0 (tirc £(t) =0 ) thi E() < E(0)e™¢°,
* Suy giam da thirc: néu g(t) ~ Co(1 +£)™" véir > 1 thi () ~ /(1 +t) va E(t) < E(0)(1 +

£)~Cr.
e Suy giam tong quat: dung theo (2.13), téc do do f 6 & chi phdi.
3. Két ludn

Bai bao nghién ctru h¢ dan hdi-thAm-nhiét c¢6 nhé, mo ta sy tuong tac gitra bién dang co
hoc, ap suét 16 rong va truong nhiét do. Nhom tac gia da chung minh ton tai va duy nhat nghiém
yéu toan cuc bang phuong phap Faedo-Galerkin két hop bat dang thirc nang lwong. Trong trudng



hop khéng c6 ngoai luc, bai bao xac 1ap co ché suy giam ning lugng tong quat (general decay) cua
nghiém. Tbc do suy giam duge mé ta dudi cac dang suy giam mi, suy giam da thure, va suy giam
tong quat, tuy thudc vao hanh vi cua hat nhan nhé. Két qua thu duge mé rong cac nghién ciru cb
dién vé hé viscoelastic va thermoelastic sang mo hinh da truong vt ly phirc tap hon. Bai bao dong
thoi dwa ra mot khudn kho phan tich thdng nhat cho cac hé phuwong trinh dao ham riéng c6 nhd
ghép nhiéu co ché vat 1y. Cac két qua 1y thuyét c6 thé Gmg dung trong dia co hoc, vt liéu xp chiu
nhiét va mo phong méi trudng da vat 1y. Nhitng phan tich nay cling hd trg viéc xay dung thuat todn
mo phong 6n dinh va nghién ctru 6n dinh lau dai cho hé. Tong thé, bai bao dong gop mot budc tién
mai trong hiéu biét toan hoc vé cac hé co-thAm-nhiét ¢ nho.
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