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TOM TAT:

Bai todn nhiét ngugc thoi gian thuan nhét trén doan bi chan 12 bai toan khong chinh.
Bai toan lién quan dén phuong trinh Ax =y. Vi dit liéu y, chiing ta tim x = A-'y. Sy ton tai
va duy nhat nghiém ctia bai toan c¢6 thé khong dat duge. Trong truong hop ton tai, nghiém
ctia bai toan ciing khong 6n dinh vi toan tir A khong lién tyc. Trong bai bao nay, chiing toi
nghién ctru bai toan khong chinh va mot phuong phap chinh hoa tuong Lrng Trong phan
sau, chung t6i s€ st dung phuong phap Fourier dé thiét 1ap dang nghiém yéu. Hon nita,
phuong phap twa bién duoc sir dung dé xay dung nghiém chinh hoa.

Tir khéa: Bai todn ngugc thoi gian.

ABSTRACT:

The problem of homogeneous backward heat conduction on a bounded interval is
an ill-posed problem. The problem is concerned with the equation Ax =y. For the given
data y, we find x = A'y. The existence and uniqueness of the solution to the problem
may not be obtained. In case of existence, the solution to the problem is also unstable
because the operator A is not continuous. In this paper, we study the ill-posedness of
the problem and a regularization is given. In the following parts, the Fourier method is
used to obtain the weak form of solution. Moreover, the method of quasi-boundary value
is used to construct the regularized solution.

Keywords: Quasi-boundary value, backward heat equations.

I. Bai toan khong chinh

Bai toan nguogc thoi gian hay con goi la
bai toan gié tri cudi: u, + Au=0,u(T) = f
trong do 4 1a mot toan tor duong va tu
lién hop, dugc biét 1a mot bai toan khong
chinh. Bai toan trén da duogc khéao sat va
chinh hoa bang nhiéu phuong phap trong
do6 c6 hai phuong phap co ban dugc su
dung nhiéu 14 phuong phap tua kha nghich
[Ewing, (1975)] va phuong phép tua bién
[Colton, (1979); Clark, (1994); Yildiz,
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(2000); Denche, (2005); Phuc, (2006);
Tuén, (2009)]. Trong trudng hop toan tir 4
1a toan tir Laplace, véi u 12 phan b6 nhiét
dd trén thanh bi chan, cung voi diéu kién
bién ta c6 bai toan:
u,(x,t)=u_(x,t),
u(0,t) =u(1,)=0,
u(x,1)=f(x),

tim u(x,0) = g(x) tor dirliéu f(x)

O<x<l,0<t<1
0<r<l (D)
O<x<l
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voi || f; = f]|, < - Cac ky hiéu

6u 0u

b} _uxx5
o ar

S =[7 @dx.

Dua trén cong trinh cua Clark va
Oppenheimer ndm 1994 tic gid chinh
hoa bai toan (I). Do tinh chit cua toan
tr Laplace, ta c6 cac chimg minh cu thé
khong thong qua 1y thuyét nira nhom cua
hai 6ng. Cu thé 1a chinh hoa bai toan dugc
gi6i thiéu ¢ phan tiép theo nhu sau.

Gia sir @ € C*(0,1), lay tich vo hudng
trong L’(0,1), ta duoc

j u,(x,t)p(x)dx = j u_(x,t)p(x)dx

0 0
1

< % I u(x,t)p(x)dx

0

= [, (2.9 (x) —u(x ), ()], +

Nu(x, e (x)dx (1)

o—

Tim ham ¢ thoa

{% (x) =—2p(x)
»(0)=p(1)=0

Ta dugc A, =n'7’,p, =
Khi do (1) twong duong

I .
—=SsInnrx.
V2

= %j)‘u(x, e, (x)dx = —nzirz:[u(x, e, (x)dx
bat
u, (1) = (u(x,0),0,(x)) = [u(x,0)p, (x)dx

0
ta co
iun (t)=-n’7m’u,(t)
dt

= u, () =u,(0)e" ™" = [ g(»)p, (y)dye " ™"

S —

Mat khac, ta co
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)= S SCD0,09)

2 (o)

i g1, (y)dve ™

n=1

|
S u(x,t)= jL

Suy ra
S () =u(x,1)

“,(x)

Ms

| .
Ee "7 sin nrxsin nﬂyj g(y)dy

n

1/
- I (Z%e‘”z”z sin nzrxsin nz yj gy (2)

0\ n=l
bat .
k(x,y)= Zae’”z”z sinnzxsinnry

n=1

€)

thi k(x,y) la nhan nhiét cua phuong
trinh tich phan loai 1 ([7], (2005) trang 221)
1 .
£ =[x, »)g(y)dy 4)
0
Pinh ly 1. Bai toan (I) la bai toan
khong chinh.
Churng minh
That vay, chudi (3)hoi tu déu nén nhan
k 1ién tuc. Phuong trinh (4) viét dang toan
to Ag = f . Khi d6 4 1a toan tir compact co
toan tir ngugc 4~ khong bi chin nén bai
toan nguoc la khong chinh [10]. Hon nita
nghiém khong phu thudc lién tuc vao dir
li¢u. Cu thé, xét phuong trinh nhiét

u (x,0) =u, (x,1),
u(0,¢) =u(1,2) =0,
u(x,)=f(x)=e”

c6 nghiém chinh xac

O<x<l,0<r<1
O<r<l

2 .
sin 7zx, O<x<l1
—7[2[ . .
u(x,ty=e " "'sinzrx = u(x,0)=sinzx.
Véi dit liéu nhiéu

u(xl)=f,(x)=¢"

: . I .
sin 7x+—sinnzx -
n
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Khi d6 nghiém tuong tng

2 . 1 220 .
rsinzx+—e " “Vsinnrx

n

uz;(x,t)=e"

. I e .
= uy(x,0)=sinzx+—e" " sinnzx.
n

Ta co

1
”f fa” —I sin nil'xdx_ﬁ&)o

Nhung
||u( 0)—u,(., 0)|| j—e * sin?® nrxdx

222

— 5 N Yo
2n

2. Phwong phap chinh hoa

Tir (2) lay tich vo hudng hai vé

fi=u,()=e""g =g =" f,.
Ta ¢6 khai trién hinh thirc

g(x)= Zf \/_smnﬂxe & (5)

£, 1ahé s6 Fourier cua ham f . Nhan
tr " trong chudi (5) gy ra bét én khi n
16n. Ta tim cach thay thé nhan tir nay. Xét
bai toan chinh hoa [3]
u,(x,t)=u_(x,1), O<x<l,0<t<1
u(0,t)=u(l,¢)=0, 0<t<l (a0
au(x,0)+u(x,1)= f(x), O<x<l1
u(x,0)=g,(x) 0<x<l
DPinh ly 2. Bai toan (II) 1a bai toan dat
tot (well-posed).
Chirng minh
Gia st ¢ € C*(0,1), 14y tich vo hudng
trong L°(0,1), ta dugc
1 1
[u,Ge.00p(x)de = [u,, (x, @ (x)dx
0

0
1

N %!u(x, )p(x)dx = ! u(x, )@, (x)dx.(6)
Tim ham ¢ thoa
{% (x) =—Ag(x)
P(0)=p(1)=0
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Ta dugc 4, =n'7’,p, =
Khi d6 (6) twong duong

I .
——=sinnxx
\/5 .
d 1 1
Eju(x, e, (x)dx = —nzﬂzju(x, e, (x)dx .

0 0

1
Pit u ()= j u(x, 1)@, (x)dx
ta co ’

D (D= —ntu (¢
dt“n() n°zu,(t)

1 1
= jm = j —n’rdt o u (1) =u (0"
o u,(D)

= <H(X, 1), qo(x)> = <U(X, O)’ ¢(x)>e—n b
& (/)= au(x.0).0,(9) = (u(x 01, (9)

{
& {ux0).0,(0) = ——{ /(9. 0,().

Nghiém u(x,7) dang khai trién cac
ham riéng
= (u(x,0),9,(x))
N
v =2 0 o)
(u(x,0),9,(x))

' (0,(x),0,(x)) %)

=g, (x)=u(x,0) = Z

2. (0= — (£ 0,00, ().

n=1 a+e
Suy ra
d 1
a = 2 2 n i : (7)
g,(x) ;\/E(aJre_” )f sin nzx
Ta thay
lep=>———— =5 =2 1
n=l 2(a+e ) 2a° n=l

nén chudi (7) hoi tu hay bai toan (II) ton tai
nghiém; tinh duy nhat nghiém d& thay bai
phuong trinh toan tit g = A" f. Ta chimg
minh nghiém phu thugc lién tuc vao dir
li¢u. That vay,
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||g1a gza :z (fln on)
"=‘2(a+e )
1 & 2 1 2
2 Z;(fl’"_fl") :2a2||f1_f2”2

Pinh Iy 3. [3] Nghiém bai toan (IT) xap
xi nghiém bai toan (I).

Churng minh

Lay a,y >0 sao cho |a—7|<5,tacc')

< 1
S _gy”: ;\E(a+e"2”2)

1

o)

f,sinnzwx—

f, sinnzx

25 [ m— 1“) 5

N 2frrer

(a=p)f;

2
z° +672n27r2)

n=l2 (a;/ +(a+y)e "

_ i (05—7)2f i _+
n= 2(0{}/ +@+y)e" ™ +e )
3 (@@=’

n=N7 (a;/ +(a+ 7/)6_"2”2 e )2

a }/) f2 41’!272'2

Mz

Il
—_

i (a=p)’f; 2
n=N 2\/a—7/<\/a—7/ e )

(- y>zf -

(a- 7)2i fa '
2\/— "N(\/_y+e “)2
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Do chudi (7) héi tu ta chon N du 16n dé
s6 hang thir hai nhé hon < ; chon & du nho
dé s6 hang tht nhat nho hon £ Ta ching
minh duoc g, la day Cauchy frong L, nén
hoi tu.

bé chimg mmh
8, (%)= Za = (f (), 0,(x))

@, (x)—>g(x).
Ta chimg minh

u, (x.1) = i<ga @).0,(0))e " g, (x)

2 2
0

=2 3 ——(/(%),0,(0))9,(x)—== f(x).

n=1 0L +€

That vay

i e—nzzrz
)
=\ O te "

o0 —Vlzﬂ'z 2
z ‘ 12 -1 f;qz
n=l o+ —nn‘

-l (a+e )

Xem tiép ching minh trong [6], ta c6
két qua |u,(.D)-f|<a’e?,e€(0,2).
Chung t6 u,, (x,#) 1a nghiém bai toan thuan
(I); dodo6 g, (x)———— a0 g(x).

Pinh ly 4. Nghiém xdp xi giai s6 cua
bai toan (I) Ia

g(’“)”g“*”(x)zim

Churng minh

(.- =

- 1]<f (1),0,()9,(x)

fs,smnzx -

Xap xi nghiém cua bai toan (II) bang
phuong phép chat cut, ta c6 nghiém xap xi

Y 1
ga,N(x) = ; \/E(a+e—n2n2)

f,sinnrzx .
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Do chudi (7) hdi tu nén Két luan. Bai viét lam 15 phuong
2,(x) =g, y(x). phép tua bién, cho phuong trinh parabolic

D& thiy do nghiém cua bai toan (II) Nguoc u, +Au=0,u(T)=f v6i 4 1 toin
phu thudc lién tuc vao dit liéu nén tor Laplace, cac két qua c6 duogc tu gié}i
N ! tich hién dai khong thong qua ly thuyét

Zan(X) % g5, y(x) = z—_nzﬂzf[s,n SINAZX,  npita nhom cua Clark va Oppenheimer nim

" */_(‘“"’ ) 1994. Trong bai t6i tac gia s& viét chi tiét
trong d6 f;, 1a hé sb Fourier cua f;. T hon lich sir bai toan, céc dénh gia sai s6 va
cac ket qua trén cho ta g(x)~ g5, ,(x). gidi so.
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